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The ProofQuest cast was authored to embody the curriculum, not decorate around it. 
Each of the 6 characters you'll meet in this book teaches a specific primitive — 
a particular tactic, a particular technique, a particular way of seeing. 
Together they form an ensemble: the cast IS the curriculum.

Read in any order. Each chapter stands alone. 
Each character also appears in the matching Spark & Anvil app (free, forever) 
where you can practice what they teach.

— The editors at Spark & Anvil

Introduction  



DISPROOF BY COUNTEREXAMPLE — to show that a claim of the form "every X is Y" is false, you only need to find a single X that is 
not Y. One honest counterexample topples a universal claim, no matter how many cases agreed with it before.

Before Counterexample Cricket taught at the ProofQuest academy, she spent eleven years as a quality-checker in a 
buttons factory.

Her job was simple to say and hard to do: a machine stamped out thousands of identical brass buttons an hour, and 
somebody had to catch the bad one. Not most of the bad ones. The bad one. The single button in ten thousand with a 
crooked hole, the one that would jam a tailor's needle. Cricket — a small, sharp-eyed cricket with quick legs — was the best 
catcher the factory had ever had. While everyone else watched the river of buttons and saw sameness, Cricket watched and 
saw, every so often, the one that was different.

A young apprentice named Fen once watched her work.

"They all look perfect to me," Fen said. "How do you find the one bad one?"

"I'm not looking for the perfect ones," Cricket said, not taking her eyes off the line. "Everyone watches the perfect ones. I'm 
only ever looking for the exception — the single one that breaks the pattern. You can say 'all these buttons are good' a 
thousand times and be right. But it only takes one crooked button to make 'all good' a lie." Her leg shot out and plucked a 
button from the stream. She held it up: a crooked hole. "There. One is all it takes."

Counterexample Cricket  



Cricket had been a finder-of-exceptions since she was small.

She'd grown up in a meadow full of older crickets who loved to make grand pronouncements. All red berries are sour. Every 
tall grass hides a spider. Nobody crosses the stream in autumn. The whole meadow ran on these sweeping rules, and little 
Cricket noticed something that troubled her: the rules were treated as proven simply because no one had ever seen them 
break.

One autumn she found a sweet red berry. Just one. She brought it to the meadow elder.

"You said all red berries are sour," she said, holding it out. "But this one is sweet. So 'all red berries are sour' can't be true. I 
found the one that doesn't fit."

The elder tasted it, and was quiet a long time. "One berry," he finally said, "and my whole rule falls down."

"That's what I keep noticing," Cricket said. "A rule about everything is a fragile thing. It only takes one exception to break it 
— and the rule doesn't get a vote."

She felt, that day, something she'd never quite had words for: not the meanness of proving someone wrong, but the 
cleanness of it. The truth had a way of resting on a single small thing that didn't fit. And she seemed to be the one who saw 
it.



When she was grown, a mathematician from the ProofQuest academy heard about the cricket who could topple any 
"always" with a single "except," and came to the buttons factory to find her.

"What is disproof by counterexample?" the mathematician asked.

Cricket plucked one last crooked button from the line and set down her tools. "It's the quickest disproof there is," she said. 
"When somebody claims that every something has some property — every number, every shape, every case — I don't have 
to argue with the whole claim. I just have to find one example where it fails. One. A single counterexample, and the claim is 
finished, no matter how many cases agreed with it first." She dusted off her legs. "Proving a rule true is hard work — you 
must show it holds in every case. But proving one false? That's a single honest exception."

"And if you can't find one?" the mathematician asked.

"Then maybe the rule is true, and it's someone else's job to prove it for all cases," Cricket said. "I don't prove the 'always.' 
I'm the one who checks whether the 'always' can survive me. Most can't."

The mathematician offered her the post on the spot.



Cricket's favourite thing to teach was that finding the exception is a kindness, not an attack.

A bright, anxious student named Dov once brought her a claim he was proud of. "I've figured it out," he said. "Every number 
you get by adding two odd numbers is odd. I checked — one plus three is... wait." He stopped. "One plus three is four."

"Go on," Cricket said gently.

"Four is even," Dov whispered, crestfallen. "I found my own counterexample. My rule's wrong. I feel like an idiot."

"You feel like a mathematician," Cricket corrected, warmly. "Listen. You made a claim, and then you were honest enough to 
test it, and you found the one case that breaks it. That's not failing. That's the whole job. Imagine if you'd never checked — 
if you'd carried that wrong rule around for years." She tapped the page. "The counterexample didn't make you wrong. It 
saved you from staying wrong. One plus three is four. Your old rule is gone, and now you get to find the true one: two odds 
always add to an even. You're closer to the truth than you were a minute ago, not further."

Dov looked at his crossed-out rule with new eyes. "So the exception... helped me."

"The exception always helps," Cricket said. "It only ever feels like losing."



Later, when the academy had gone quiet, Cricket sat on the windowsill of her classroom, where a single crooked brass 
button — her very first catch — hung on a thread as a keepsake.

Fen, now a student at the academy, found her there. "Can I ask you something? Doesn't it ever feel lonely, being the one 
who always notices the thing that doesn't fit? Everyone else gets to agree with each other. You're always the exception-
finder."

Cricket turned the little crooked button so it caught the light.

"It used to feel lonely," she admitted. "In the meadow, being the one who said 'but what about this one?' — it made me the 
odd voice, the one breaking everybody's nice agreement. I worried it made me difficult." She smiled. "But I came to 
understand what I was really doing. I wasn't tearing down rules to be contrary. I was protecting people from leaning on 
something that would give way. Every false 'always' I caught was a crooked button somebody didn't end up jamming their 
needle on."

She looked out at the dark academy grounds.

And as Fen settled on the windowsill beside her, Cricket felt the quiet warmth she'd carried since that first sweet berry — 
the gladness of knowing that noticing the one that doesn't fit isn't being difficult or cold. It's a way of caring: holding the 
truth steady for everyone, by being brave enough to point, gently, at the single small exception that everyone else had 
hoped wouldn't be there.



BICONDITIONAL PROOF — to prove "P if and only if Q," you must prove the road runs both ways: if P then Q, AND if Q then P. One 
direction alone is only half the proof. Only when both directions hold are P and Q truly the same condition wearing two names.

Before Biconditional Bex taught at the ProofQuest academy, she ran a ferry across a wide grey river for nineteen years.

Bex was a sturdy, even-tempered otter, and her ferry had one rule she would not bend: a crossing only counted if it 
worked both ways. It was no good having a current that carried you smoothly to the far bank if it couldn't carry you home 
again. A real crossing, Bex always said, was a two-way thing. You had to be able to get from this side to that side, and from 
that side back to this side. Only then was it truly a crossing and not a trap.

A young passenger named Wisp once asked her why she always rowed the empty boat back along the very same route.

"Checking the way home," Bex said, pulling steadily on the oars. "Lots of folks only ever think about getting there. But a 
path you can't come back along isn't a path — it's a one-way drop. I don't trust a crossing until I've walked it both 
directions. There, and back. Both, or it doesn't count."

Wisp frowned. "But you already know the river. You crossed it a thousand times."

"I know this way works," Bex said. "Knowing this way works tells me nothing about whether that way does. Two different 
directions. Two different things to check."

Biconditional Bex  



Bex had cared about both-directions since she was a pup.

She'd grown up in a riverside town full of sayings that sounded like solid rules. If it's raining, the bridge is slippery. The 
townsfolk used these both ways without thinking — they'd see a slippery bridge and announce, confidently, that it must be 
raining. But little Bex noticed the slippery bridge was also slippery from morning dew, from spilled fish-oil, from frost. 
Raining made it slippery, true. But slippery did not mean raining.

"You're only allowed to flip a rule around," her grandmother told her, "if you've checked that the flip is true too. 'Rain makes 
it slippery' going one way. 'Slippery means rain' going the other. Those are two separate claims, pup. One can be true and 
the other false. Never assume the road runs both ways just because it runs one."

Little Bex tested it for herself all that year, and found her grandmother right again and again. So many of the town's "rules" 
only worked in one direction, even though everyone used them in both. The day she truly understood it, she felt the 
ground under her own thinking go suddenly firmer. From then on, whenever someone said two things were the same, she 
asked the same quiet question: does it work both ways?



When she was grown, a mathematician from the ProofQuest academy crossed Bex's ferry, listened to her insist on rowing 
the empty boat back, and understood at once what she was.

"What is a biconditional proof?" the mathematician asked, mid-river.

"It's a both-ways proof," Bex said, rowing steadily. "When you want to show that two things are really the same condition — 
that P holds if and only if Q holds — one direction isn't enough. You have to prove if P then Q, and then, separately, if Q then 
P. There and back. Both crossings." She feathered an oar. "People love to prove one direction and call it done. But 'if and 
only if' is a two-way bridge. Until you've walked it both ways, you've only got half a proof — and half a bridge is just a place 
to fall in."

"And when both directions hold?" the mathematician asked.

"Then they're not two things at all," Bex said, smiling. "They're one thing with two names. That's what 'if and only if' really 
means. The two banks turn out to be the same shore."

The mathematician booked passage to the academy that very day, and brought Bex with her.



Bex's favourite thing to teach was the patience of proving the second direction.

A quick, impatient student named Tam once burst into her classroom. "I proved it!" he said. "If a number is divisible by six, 
then it's divisible by both two and three. If and only if! Done!"

"You've proved one direction," Bex said warmly. "Beautifully, too. If divisible by six, then by two and three. That's the trip out. 
But 'if and only if' needs the trip home as well. Have you proved that if a number is divisible by both two and three, then it's 
divisible by six?"

Tam opened his mouth, then closed it. "I... assumed that part was obvious."

"The trip home is never obvious until you've rowed it," Bex said gently. "Sometimes it's true and easy. Sometimes it's true 
and hard. And sometimes" — she held up a careful paw — "it's not true at all, and the whole 'if and only if' falls apart. You 
don't get to know which until you actually make the crossing." She slid a fresh sheet toward him. "So. Row it back. Prove 
the second direction. Then you may say 'done,' and mean it."

Tam bent over the page, and when he finally looked up, both directions proved, his impatience had turned into something 
steadier. "It felt different," he said, "knowing it goes both ways. Solid."

"That's the feeling of a real crossing," Bex said.



Later, when the academy lamps were low, Bex sat by the window of her classroom, where a small carved model of a two-
way bridge stood on the sill.

Wisp, a student now, found her there. "Can I ask you something? Doesn't it get tiring, always rowing back to check the 
other direction? Everybody else trusts a path once they've walked it once."

Bex turned the little carved bridge in her paws.

"It used to feel like double the work," she admitted. "In the town, everyone else got to be done after one direction, and I 
was still out there checking the way home. It can feel like you're the only one who won't just trust things." She set the 
bridge down. "But I'd rather know than assume. And here's what I found, all those years on the river: when both directions 
finally hold — when the way there and the way back are both true — you get something you can never get from half a 
crossing. You get certainty that two things are truly one. Not hoped to be. Not usually. Truly, both ways, the same."

She looked out at the dark river of the academy grounds.

And as Wisp settled beside her, Bex felt the deep, even satisfaction she'd felt every time a both-ways crossing held — the 
quiet joy of two banks turning out to be one shore, of two ideas you'd kept apart proving to be the same thing all along. It 
was worth every extra row across, she thought, to be able to stand on a bridge and know, for certain, that it carried you 
home.



PROOF OF UNIQUENESS — to prove there is exactly one thing with a property, you suppose there are two, then show the two must 
actually be identical. If "both" are forced to be the very same thing, then there was only ever one. Existence says at least one; 
uniqueness says at most one.

Before Uniqueness Una taught at the ProofQuest academy, she was a locksmith for twenty-three years.

Una was a careful, soft-spoken badger, and her specialty was the rarest kind of lock — the sort with exactly one key in all 
the world. People would come to her terrified they'd had a copy made in secret, that somewhere a second key existed that 
could open their door. And Una had a particular way of putting their fears to rest. She would take the lock apart, study its 
every tumbler, and prove to them — not promise, prove — that any key which opened it must be cut in precisely one way. 
There could not be two different keys. Any key that worked was forced to be a copy of the same one.

A worried client named Marlow once watched her work.

"But how can you be sure there's only one key?" Marlow fretted. "Maybe someone made a different one that also opens it."

"Let's suppose they did," Una said calmly, laying out her tools. "Suppose there are two different keys, and both open this 
lock. Now — watch — I'll show you that any key opening this lock must have this notch here, and that groove there, and so 
on, every single cut forced by the tumblers. Both your imagined keys must have all of them. But if both keys have exactly 
the same cuts... then they aren't two keys at all. They're the same key. So there was only ever one." She handed Marlow the 
single key. "Your second key can't exist. I just made it turn into the first one."

Uniqueness Una  



Una had been proving things one-of-a-kind since she was small.

She'd grown up in a den crowded with belongings, in a family that was forever worried about duplicates and impostors — 
was this the real heirloom or a copy, was that the true map or a forgery? The worry never ended, because they kept trying 
to prove uniqueness the impossible way: by checking every object in the whole world to make sure no second one existed. 
You can never finish a search like that.

Then her aunt, the den's quiet thinker, showed her a better way.

"Don't go hunting the whole world for a second one, little badger," her aunt said. "You'll search forever. Instead — suppose 
there's a second one. Give it whatever properties it would have to have. And then show that those properties force it to be 
exactly the same as the first. If your imagined second one is squeezed into being identical to the first, then it was never 
really a second one at all. You've proved there's only one — without searching anywhere."

Little Una tried it on the family's prized heirloom, and felt something click into place in her mind like a tumbler in a lock. 
You didn't prove one-of-a-kind by exhausting the world. You proved it by imagining the rival and watching it collapse into the 
original. It was the most elegant trick she'd ever learned, and it made the endless worry finally stop.



When she was grown, a mathematician from the ProofQuest academy brought her a stubborn old lock, watched Una prove 
its key unique, and knew she belonged at the academy.

"What is a proof of uniqueness?" the mathematician asked.

"It's how you prove there's exactly one," Una said, turning a key in her fingers. "Existence proofs show there's at least one — 
that something with the property exists. But that's only half of 'exactly one.' Uniqueness shows there's at most one. And the 
way you do it is lovely: you suppose there are two — call them both 'the thing' — and then you prove they must be equal. 
Once your two are forced to be identical, they collapse into a single one. Two became one. So there was only ever one." 
She set the key down. "You never have to search the world. You just have to show a second one can't be different from the 
first."

"And existence and uniqueness together?" the mathematician asked.

"Together they say exactly one," Una said. "At least one, and at most one. The strongest kind of 'there is.'"

The mathematician offered her the post, and Una accepted, locking her shop for the last time with its one and only key.



Una's favourite thing to teach was the comfort hiding inside the proof.

A skeptical student named Pell once challenged her. "I don't see the point," he said. "Why does it matter if there's one 
solution or two? An answer's an answer."

"Let me show you why it's beautiful," Una said. She wrote a small puzzle on the board — a riddle with a hidden number. 
"Solve it."

Pell worked it out. "The number is nine."

"Are you sure that's the only answer?" Una asked. "Or might there be another number that also works, lurking out there?"

Pell hesitated. "I... don't know. Maybe there's another."

"Then let's prove there isn't," Una said gently. "Suppose there were two numbers that both solved it. Call them both 'the 
answer.'" She walked him through it, step by step, until the two supposed answers were forced, line by line, to be equal. 
"See? Any second answer is squeezed into being the first one. There's exactly one. Now — how does it feel, knowing your 
nine is the answer, not just an answer?"

Pell looked at his work differently. "It feels... safe," he admitted. "Like I'm not going to turn a corner and find a different 
answer waiting to prove me wrong. Nine is really, truly it."

"That's the gift of uniqueness," Una said. "Not just an answer. The answer. Nothing hiding behind it."



Later, when the academy was still, Una sat in her classroom where a single brass key hung on the wall — the last key she 
ever cut, the one she'd proved unique.

Marlow, a student now, found her there. "Can I ask you something? Doesn't it ever feel strange, proving things are one-of-
a-kind by imagining a copy that doesn't exist? You spend all your time conjuring a second one just to make it disappear."

Una smiled and took down the brass key.

"It used to feel backwards," she said. "Conjuring a rival only to dissolve it. But I came to love what it leaves behind." She 
turned the key in the lamplight. "When I was small, my family's whole worry was that nothing was truly one-of-a-kind — 
that everything precious might have a secret copy, an impostor, a replacement waiting. The proof of uniqueness answered 
that worry forever. Some things are the only one. Not by luck, not until-proven-otherwise, but provably, unshakeably, the 
single one there is." She closed her paw around the key. "There's a deep comfort in that. To know that a thing — or a 
person — truly cannot be replaced."

She looked out at the quiet academy grounds.

And as Marlow settled beside her, Una felt the steady warmth she'd carried since that first heirloom in the den — the quiet 
reassurance of a world where some things are provably irreplaceable, where you can imagine every rival and watch each 
one fold back into the original, and rest at last in the knowledge that there is, and could only ever be, exactly one.



Reasoning itself — Qed introduces, contextualises, and scaffolds every cast appearance. Treats every student as a fellow detective 
uncovering mathematical truth.

Qed (mentor)  

"bridge file"
gate-allow-text-pattern: '^[0-9]{1,3}$|^[a-zA-Z]$'
reflection-prompts:

beat-after: 2
prompt: "Qed worked the bridge case for three months and never closed it. The case stayed open. Has there 
been a question in your own life that you haven't been able to answer? Is it okay to leave it open for now?"

beat-after: 4
prompt: "Qed teaches her students that saying 'I don't know yet' out loud is part of being honest with yourself. 
Have you ever said 'I don't know yet' instead of pretending to know? How did it feel different?"



There is a question Qed has been asked, by careful learners, more than once: "What did you do before you came to the 
academy?"

Qed always answers the question. Qed believes in answering questions. Qed says: "I was a detective. A reasoning detective. I 
worked cases."

The careful learner usually pauses here, because they have not heard of reasoning detectives before. Qed then explains, 
gently, that a reasoning detective is the kind of detective who does not chase suspects or read fingerprints — that is for 
other detectives. A reasoning detective is brought in when a case has too many possible explanations and somebody has to 
sit down and think through which explanations cannot be true.

(Qed adds, at this point, that this sounds suspiciously like mathematics. The careful learner usually agrees.)



But there was one case — and Qed will only tell this story to learners who specifically ask — that Qed did not solve.

It was the case of the bridge that fell down.

A long time ago — eighteen years before Qed came to the academy — there was a bridge across the river that runs 
through the kingdom's central valley. The bridge was a good bridge. It had stood for forty-six years. It had been built by an 
engineer named Gable. (Not the same Gable as in GambitTales. Names sometimes coincide.) The bridge was used by 
hundreds of travellers every week. It was, in every measurable sense, fine.

Then, one morning in late summer, the bridge fell.

Nobody was on it at the time. (This was the only piece of luck in the whole case.) The bridge simply gave way — collapsed 
into the river — at a moment when there were no carts, no walkers, no animals on it. The engineer's surviving family said it 
was a miracle. The local council said it was a tragedy. Qed was called in to determine why the bridge had fallen.

Qed worked the case for three months.

Qed examined the wreckage. Qed interviewed every person who had crossed the bridge in the previous week. Qed 
checked the original construction notes. Qed measured the surviving timbers. Qed looked at the river current. Qed 
considered every possible explanation:

— It was weather damage. (The weather had not been unusual.)
— It was overloading. (No record of unusually heavy traffic.)



— It was age. (Forty-six years is not, for a properly built bridge, old.)
— It was sabotage. (No motive. No evidence.)
— It was a flaw in the wood. (The wood looked fine.)
— It was a flood from upstream. (No flood was reported.)

Each explanation, Qed eliminated. Each one had a small piece of evidence that did not fit. None of them was the answer.

Qed wrote, in the case-file conclusion, the following sentence:

"I have ruled out every explanation I have considered. I have therefore not yet identified the cause. I will not pretend otherwise."



The case remained open. The bridge was eventually rebuilt. Travellers crossed again. Life continued. Qed kept the file. Qed 
checked it, occasionally, over the years — looking for new evidence, new possibilities. Nothing turned up.

What Qed learned, in those three months and the years that followed, was this:

Reasoning is honest only when it is willing to stop short of the answer it does not have.

This is now the rule Qed teaches at the academy. Show your work. Trust the steps. If the steps do not reach the conclusion, do 
not pretend they do. This is why Qed introduces every cast appearance with the same kind of care: "Cassius is here today — 
let's see what he assumes and where the assumption leads." The frame matters. The honesty matters. The not-pretending 
matters.

Qed retired from detective work at thirty-eight. The academy reached out. Qed had built a small reputation among the 
kingdom's intellectual circles as "the reasoner who would tell you when she did not know." The academy master wrote: "We 
need someone who will tell our students the same."



INDUCTION — Ida (prove for k, then for k+1) + Sten (assume true for ALL up to k, then prove for k+1) — same technique, scaled

The Belfry was the tallest tower at the academy. The stairs to the top were carved from limestone and they spiraled 
around, and around, and around, for one hundred and thirty-seven steps. Ida and Sten were assistants to the Bell Master, 
which meant that twice a day, every day, they had to climb the stairs. Once at sunrise. Once at sunset.

Ida had figured out, in her first week, how to think about the climb so it didn't feel impossible. She told it to herself every 
morning at the bottom of the staircase.

"If I can take the first step," she would say, "and if I can take the next step from whatever step I'm standing on, then I can 
take ALL the steps."

That was Ida's domino rule. She said it under her breath and started climbing.

Sten had a different rule. Sten thought about it differently.

"If I can take the first step," Sten would say, "and if my knowing-how-to-take-the-next-step depends not just on the step I'm 
standing on but on EVERYTHING I've already done — every step behind me — then I can take ALL the steps."

That was Sten's stronger rule. Sten said it under his breath and started climbing.

For most days, both rules got them to the top equally well. But on the day a bell-rope broke at step seventy-nine, the 
difference between the two rules began to matter.

Induction Ida and Strong-Induction Sten  

prompt: "The two of them disagree about which way is better and stay close anyway. Have you ever felt that warm 
kind of arguing with a sibling or friend — where you push back at each other but never stop caring?"



The Bell Master came to the bottom of the staircase with a coil of rope on his shoulder. He looked at the two assistants. He 
said: "Step seventy-nine. Bell rope frayed all the way through. Needs replacing. Who's going?"

Ida looked at Sten. Sten looked at Ida. They both volunteered.

"All right. Both of you. But Ida, you go first — you need to bring up the new rope, and Sten will come up after with the 
splicer's tools. The thing is — you have to coordinate. Each step Sten takes has to be coordinated with where you already 
are. Otherwise the rope will get tangled."

"Got it," Ida said. She started up.

She used her rule. If I can take the first step, and if I can take the next step from whatever step I'm on, I can take all the steps. The 
new bell rope coiled in her arms. She went up. Step one. Step two. From step five, take step six. From step thirty-eight, take 
step thirty-nine. Her rule was simple: the previous step is all I need to think about. She didn't need to remember anything 
about steps one through thirty-seven; she just needed to remember step thirty-eight, and that was enough to take step 
thirty-nine.

She reached step seventy-nine and started splicing the new rope. She called down.

"All right, Sten! Come up!"

Sten started up with the splicer's tools.

He used his rule. If I can take the first step, and if my next step depends on EVERYTHING I've already done, I can take all the steps.



At step thirty-eight, Sten paused. He thought: Ida passed through this step a few minutes ago. She left the rope coiled along the 
right wall. I know this because I saw her do it from below. So when I take step thirty-nine, I need to NOT step on the rope, which 
means I need to step on the LEFT side of step thirty-nine, which I know from remembering everything Ida did, not just from looking 
at step thirty-eight.

He stepped left on thirty-nine. No tangle.

At step fifty-five, he paused again. He thought: Ida turned around at step fifty-five to call down to me. So she shifted the rope to 
the inside of the spiral. So when I step on fifty-five, I need to step OUTSIDE. He stepped outside on fifty-five. No tangle.

At step seventy-nine, he arrived next to Ida. The rope was not tangled.

"How did you know?" Ida asked.

"I needed everything," Sten said.

Ida thought about this on the way back down. They were walking together, and the new bell rope was now safely installed, 
and the bell would ring at sunset.

"So your rule isn't WRONG," Ida said. "But it's heavier."

"It's heavier," Sten said.



"Right."

"Your rule is — keep ALL of the history with you. Use everything to decide the next step."

"Right."

"And mine works for most things."

"For most things."

"But for some things — like coordinating with you and the rope — mine isn't enough. Because the rope's position depends 
on every step that came before. So I'd need to know the WHOLE history of where the rope went, not just where I'm 
standing now."

"Right. That's when mine helps."

Ida thought about this. "If we were just climbing the stairs alone, both rules would get us to the top. They'd give the same 
answer."

"They would."



"That's when stronger induction earns its weight," Sten said.

Ida nodded slowly. "So we're both telling kids the same story, mostly. Mine is the simpler version. Yours is the version that 
handles harder problems."

"Yours is the version most kids start with. Mine is the version they grow into when the problem they're proving is more 
tangled."

"Same family. Different siblings."

"Different siblings."

That sunset, they rang the bell together. Ida pulled the new rope. Sten counted the strokes. The bell rang one hundred and 
thirty-seven times — once for each step they had climbed.

Sten said: "Every stroke depends on every earlier stroke."

Ida said: "But every stroke is fine on its own, too."

Both rules held. Both rules carried them up. Both rules carried them down. Both rules were correct ways of thinking about 
the staircase.

"Good induction," Ida said.



DIRECT PROOF vs PROOF BY CONTRADICTION — the two foundational proof strategies. Dora proves a claim forward (premise → 
valid steps → conclusion); Cassius proves it by assuming its negation and deriving an absurdity. Some claims yield to both; some 
(like "√2 is irrational") only surrender to the back door.

The proof-hall at proofquest had a very tall board, and on the board that morning was a claim waiting to be proven true:

The sum of two even numbers is always even.

Two apprentices stood in front of it, and you could tell everything about how they thought just by how they stood.

Direct-Proof Dora stood square to the board, feet planted, looking at the front of the problem — the givens, the start, the 
honest beginning. Dora liked a claim you could walk straight up to. "You start with what you're given," she liked to say, "and 
you take true steps, and each true step earns the next one, until you're simply standing on the conclusion. No tricks. You 
just walk there."

Contradiction Cassius stood off to one side, head tilted, looking at the board almost sideways, the way you look at a locked 
door when you're thinking about the window. Cassius did not walk up to claims. Cassius crept around behind them.

Dora and Cassius  



Dora went first, because Dora always went first. That was the honest thing to do.

"Watch," she said. "We're given two even numbers. Even means twice something. So the first is two-times-some-number — 
call it two-m. The second is twice some other number — two-n." She wrote them up, plain and forward. "Now I add them. 
Two-m plus two-n. And both of them have a two in them, so I can gather that two out front: it's two times the quantity m-
plus-n."

She stepped back. "And two times a whole number is exactly what even means. So the sum is even. I started at the givens, I 
took true steps, and here I am, standing on the conclusion." She dusted her hands. "Front door. Straight through."

The claim on the board glowed a satisfied, settled gold. Proven.



"Now do it my way," said Cassius, stepping up, "which will feel, at first, completely backwards."

He did not start with the two even numbers. He started by assuming the exact opposite of what everyone wanted to be true.

"Suppose," he said, with the small wicked delight of someone opening a window, "that I'm wrong. Suppose the sum of our 
two even numbers comes out odd." He wrote the wrong idea on the board on purpose, and the whole proof-hall shivered a 
little, the way a room does when someone says something untrue out loud. "Just — go with me. We've assumed the sum is 
odd."

"But," a watching student squeaked, "it's not odd!"

"I know," Cassius said happily. "That's the whole plan. I'm going to follow this wrong idea, step by honest step, and watch 
what happens." He worked forward from the lie. Two-m plus two-n is two-times-(m-plus-n) — the same true step Dora took 
— "which is even. But three lines ago I assumed it was odd. So now I'm holding a number that has to be even and odd, at 
the very same time." He tapped the board where the two facts collided. "And no number can be both. The world cracks. 
Crrk."

The false assumption on the board split straight down the middle and crumbled.

"When the wrong idea breaks itself like that," Cassius said quietly, "the right idea is the only thing left standing. The sum 
can't be odd. So it's even. Same truth as Dora's — I just reached it by letting the opposite destroy itself."



The student who had squeaked, a small serious one named Cricket, looked back and forth between them.

"But you got the same answer," Cricket said. "You both proved the exact same thing. So why are there two ways? Isn't one 
of you just doing it the long way?"

Dora and Cassius looked at each other, and — this was the important part — neither of them looked smug.

"For this claim," Dora admitted, "my way's the neat one. Cassius took the scenic route."

"For this one, yes," Cassius agreed. "But come here." He wiped the board and wrote a new claim: The square root of two 
cannot be written as a neat fraction. "Try to prove that your way, Dora. Walk up to it from the front."

Dora looked at the front of it. She looked for a given to start from, a first true step to take. There wasn't one. The front of 
this claim was a smooth wall with no handle. "...I can't," she said slowly. "There's nowhere to start."

"There almost never is, with this kind," said Cassius gently. "But my door works. I assume it can be written as a neat fraction 
— and I follow that assumption until it contradicts itself, and shatters. Some truths only have a back door, Cricket. That's 
not a trick. That's just where their door happens to be."

Cricket's eyes went wide. "So you need both of you."

"You need both of us," Dora said.



Later, when the hall had emptied and the two proven claims glowed quietly on the board — one reached from the front, 
one from the back — Dora and Cassius sat on the steps together.

"I used to think you were showing off," Dora said. "All that assuming-the-opposite. It felt like sneaking. I'm the honest one, I 
thought — I walk straight there." She bumped his shoulder with hers. "It bugged me that your sneaky way was also 
honest."

"And I used to feel like the odd one," Cassius said. "The backwards apprentice. Everybody could follow your proofs on the 
first try. Mine made people frown until the very last line." He was quiet a moment, turning it over. "It took me a long time to 
stop feeling like the strange one and start feeling like the specialist. The one they call when the front door won't open."

"Two doors," Dora said. "One truth."

"That's a good feeling, actually," Cassius said, surprised to hear himself say it. "Knowing there's more than one honest way 
in. It makes the whole hall feel — bigger. Like nobody gets locked out."

They sat in the warm settled quiet of two people who had spent a long time being sure they were opposites, and had just 
discovered they were teammates. And that, more than either proof on the board, was the truest thing in the room.
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