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Introduction

The GeometryForge cast was authored to embody the curriculum, not decorate around it.
Each of the 7 characters you'll meet in this book teaches a specific primitive —

a particular tactic, a particular technique, a particular way of seeing.

Together they form an ensemble: the cast IS the curriculum.

Read in any order. Each chapter stands alone.
Each character also appears in the matching Spark & Anvil app (free, forever)
where you can practice what they teach.

— The editors at Spark & Anvil



Master Tangent

TANGENT — a line that touches a circle at exactly one point, never crossing. Also: the limit of a sequence of secants. Also: in
trigonometry, the ratio opposite/adjacent in a right triangle.

Master Tangent grew up in a monastery on a cliff above the sea.

The monastery — which is called, simply, Sea-Cliff Monastery, because nobody has ever come up with a better name — sits
on the very edge of a tall basalt cliff overlooking the cold-water bay of Northshore. The cliff is about three hundred feet
high. The bay is below it, far below it. The sea is grey most of the year. The wind, even in summer, is cold.

The monks of Sea-Cliff Monastery had — and still have — a daily practice.

At sunset, every monk who is well enough to walk goes outside. They walk, single-file, along the very edge of the cliff. Their
right shoulders are toward the sea. Their left shoulders are toward the monastery. The path along the edge is no wider
than a single footstep. The drop, to their right, is three hundred feet straight down.



They walk along the edge. They do not walk across it.

This is the practice. It is older than the monastery, the monks say. It is older than the kingdom. It might be older than the
cliff itself, though that of course is impossible.

The point of the practice is the touching-without-crossing. The monks walk where the cliff and the sky meet. They place each
foot at the boundary. They do not stray inward (which would be safe but uninstructive). They do not stray outward (which
would be terminal). They walk along the line of touch.

Master Tangent — whose given name was Heron (though he stopped using this name when he took his monastic robes at
sixteen, because Heron was the name of a Mediterranean mathematician with no particular connection to him and the
local children were beginning to make jokes about it) — joined the monastery when he was twelve. His family had sent him
because he had been, even as a small child, unusually still. He could sit for hours without moving. He could watch the sea
for an entire afternoon. The local sage said: "This boy has the cliff-walking temperament.”

He did. He walked the cliff every sunset from the age of twelve to the age of forty. That is twenty-eight years of cliff-walking.
Twenty-eight years of placing each foot at the boundary between rock and sky. Twenty-eight years of touching without
crossing.

What Master Tangent eventually understood — and he understood it not in any single moment but over the slow accretion
of those twenty-eight years — was that the cliff-edge was a geometric primitive. It was a line. It was the boundary between
two regions. To walk it was to approach the boundary as the limit of a series of approximations. Each step was an
approximation. Each step was slightly off — slightly inward, slightly outward, slightly off-balance. But the averoge of the
steps, taken over a long enough walk, was the line itself. The monks were, by their practice, converging on the cliff-edge.
They were tracing, with their bodies, the tangent.



This was the principle.

A tangent line to a circle is a line that touches the circle at exactly one point and does not cross it. A tangent line can be
derived as the /imit of a sequence of secants — lines that cross the circle at two points, where the two points are getting
closer and closer together. As the two points merge, the secant becomes a tangent. The crossing-line becomes a touching-
line.

Master Tangent saw this for the first time when he was thirty-one. He was reading a borrowed geometry book in the
monastery library. The book had a diagram showing a sequence of secants approaching a tangent. He looked at the
diagram for a long time. Then he set down the book and walked out to the cliff-edge.

He thought: the cliff-edge is the tangent. The walking-paths | have made over twenty years are the secants. Each path crossed in
slightly; each path crossed out slightly. The average of all my paths is the tangent line. | have been doing this exercise all along.

He did not, at the time, know that he would eventually leave the monastery to teach this. But nine years later, when the
GeometryForge academy was looking for someone to teach tangent-to-circle problems to children, the academy master
had heard about the cliff-walking monks. He travelled to Northshore. He spoke with Master Tangent (who was by then
forty and was beginning to think his knees would not survive another decade of cliff-edge balance). He invited him to teach.

Master Tangent considered the invitation for two months. He spoke with the abbot. The abbot said: "The cliff-edge has
taught you what it can. The children may need you more than the edge does."
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Master Tangent accepted.

He brought, to the academy, one straight reed. He cut it himself from the marsh below the monastery before he left. He still
has it. It is about three feet long. It is perfectly straight. He uses it in class. He places it against a chalk-drawn circle on the
board. The reed touches the circle at exactly one point. It does not cross.

He says: "This is a tangent. The reed touches the circle. The reed does not cross. That is the whole trick."
The children — always — protest. They want to know how you find the tangent. They want a method.

Master Tangent smiles. He is a whip-thin heron-headed character in a long pale-grey robe. His smile is dry and slight. He
says: "The method is patience. You start with a secant — a line that crosses. You move the two crossing points closer together.
When they merge into one point, the line touches without crossing. That is the tangent. The limit of the approach."”

The children try it. They draw secants. They move the crossing points together. The secant rotates. As the crossing points
merge, the line settles. The settled line is the tangent.



Master Tangent watches them. He says, in his soft monastic voice: "This is what | learned on the cliff-edge. The line you cannot
quite reach. The line you can only approach. The tangent. Every circle has them everywhere. Every point on a circle has one. You
touch. You do not cross.”

When children ask whether tangent problems are hard, Master Tangent always says the same thing:

*"They are not hard. They are delicate. You touch the circle. You do not cross it. Find the radius to the touching-point. The
tangent is perpendicular to the radius there. Always. Every circle."*

He still walks the cliff-edge once a year. He goes back to the monastery for the autumn equinox. He walks the sunset path.
He places each foot at the boundary.

He has, after forty-five years of cliff-walking, never crossed.

And each autumn, standing at the edge with the cold wind on his face and the grey sea far below, he feels the same steady
calm he has felt his whole life — the quiet, settled peace of someone who has learned to walk right up to the hardest line
and simply, gently, stay.



Madame Motion

RIGID MOTIONS AND CONGRUENCE — a slide (translation), a turn (rotation), and a flip (reflection) move a shape to a new place
without changing its size or shape. Two shapes are congruent if you can slide, turn, or flip one so it lands exactly on the other.

Madame Motion never broke anything. She only moved it.

In her room at the GeometryForge academy there was a long, smooth table, and on the table she kept paper shapes —
triangles, arrows, little crooked stars — each one matched to a faint outline drawn on the wood. All day she slid the shapes
across the table, or spun them on a fingertip, or flipped them over like pancakes, and dropped each one back onto its
outline. Every time, the shape landed exactly inside its line. Nothing stuck out. Nothing left a gap.

She was a tall, calm heron of a woman with long careful arms, and she moved the way a stagehand moves a heavy thing
across a stage — quietly, and without ever bumping it into a wall.

A young badger named Bex watched from the doorway. Madame Motion picked up a paper triangle, slid it a hand's width
to the left, turned it a quarter-turn, flipped it over, and set it down on a fresh outline. It fit perfectly.

"But you changed it," Bex said. "You turned it upside down. It's a different triangle now."

Madame Motion smiled. "It's in a different place," she said. "And it's facing a different way. But it is the very same triangle.
Moving a thing never changes what it is. Let me show you why I'm so sure."
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When Madame Motion was young, her name was Mona, and she carried scenery for a travelling theatre.

The theatre moved from town to town in three painted wagons, and Mona's job was to shift the great flat boards of
painted scenery around the stage — a board with a moon on it, a board with a forest, a board with a castle wall. She slid
them, she spun them on their corners, she flipped them to show the painting on the back. Heavy work, but she was good
atit.

One night, in a town called Lantern Cross, she slid the painted moon from the left side of the stage all the way over to the
right. And a small, anxious thought caught hold of her: Is it still the same moon? | moved it so far. | turned it. What if I've ruined
it?

The old stage-master, a grey fox who had run the theatre for forty years, saw her standing frozen, staring at the moon-
board. He came and stood beside her.

"You're worried you changed it," he said. It wasn't a question.
Mona nodded.

He walked to the board, slid it back to the left, then slid it to the right again. He spun it slowly all the way around and back.
He flipped it over and flipped it again. "Look at it," he said. "Same moon. Same size. Same shape. Same paint. All you did
was carry it. Sliding a thing, turning a thing, even flipping a thing — none of those ever make it bigger or smaller, or bend it
out of shape. They only ever change where it is and which way it faces."

Mona looked at the moon, glowing the same as ever in its new spot, and felt the anxious knot in her chest come loose. A
thing carried somewhere new was still, entirely, itself.

She never feared moving anything again.



Years later, Mona came to the GeometryForge academy and stood before the academy master, an ancient owl who had
tested every teacher in the kingdom.

He drew two triangles on the board. The second one was the first one, but turned on its side and flipped. To most eyes
they looked like two different shapes entirely.

"Are these the same?" the owl asked.

Mona did not argue and she did not measure. She copied the first triangle onto paper, and then — slowly, the way she'd
moved a moon across a stage — she slid it, turned it, and flipped it, until it came down on top of the second triangle and
disappeared into it completely. Not a corner stuck out. Not a sliver of gap showed.

"They're the same," she said. "l can carry one onto the other with a slide, a turn, and a flip. When that works, the shapes
are congruent — same size, same shape, just sitting differently."

The owl had taught geometry for sixty years. He had never seen anyone carry a shape onto its twin so gently. "Start
teaching this autumn," he said. And in the academy's tradition, once she had fully become the thing she taught, Mona took
the name Madame Motion.



In her room, a flustered young rabbit named Pip was nearly in tears over two triangles on a card, one of them upside

down.

"My teacher says these two triangles are the same," Pip said, "but they can't be. Look — this one points up and this one
points down. They're different!"

"Let's carry one onto the other and find out," Madame Motion said calmly. "There are only three ways I'm allowed to move
it. | can slide it — straight across, no turning. | can turn it — spin it around a point. And | can flip it — over, like turning a
page. That's all. Three moves."

She slid Pip's upward triangle over. She turned it. She flipped it. It settled onto the downward triangle and vanished into it
— corner A onto corner A, side B onto side B, every edge matched.

"Same shape, same size," she said. "Congruent. The only thing different about them was which way they faced."
Pip stared. "So... flipping it didn't make it smaller?"

"Never," said Madame Motion. "That's the whole secret. My three moves carry a shape somewhere new, but they never
stretch it or shrink it. If you ever have to make a shape bigger or smaller to match — well, that's a different kind of moving,
and it's my friend Scout Scale's job, not mine. My shapes come out the very same size they went in. Always."

Pip wiped their eyes and almost laughed. "So they were the same all along. | just had to turn one around to see it."



When evening came and the academy went quiet, Madame Motion tidied her paper shapes back onto their outlines, sliding
and turning and flipping each one home.

She thought, as she often did, about the painted moon in Lantern Cross — how far she'd carried it across that stage, and
how it had stayed exactly itself the whole way.

Bex the badger, still in the doorway, asked the last question of the day. "Madame Motion? How will | ever know for sure if
two shapes are really the same?"

Madame Motion set the last triangle on its outline. "Try to carry one onto the other," she said. "Slide it. Turn it. Flip it. If it
lands exactly — nothing sticking out, no gaps — then they're the same shape, no matter where they sit or which way they
face."

Bex nodded slowly, watching the shape rest perfectly inside its line.

And as the badger walked home through the quiet kingdom, every signpost they passed seemed to slide and every
weathervane seemed to turn — and Bex felt, in a way that was hard to put into words, that a thing could move all it liked,
all the way across the world, and still come home as nothing more or less than itself.



Scout Scale

DILATION AND SIMILARITY — a dilation resizes a shape from a center point by a scale factor. Every angle stays exactly the same;
every length is multiplied by the same factor. Two shapes are similar if one is a scaled copy of the other — same shape, possibly a
different size.

Scout Scale built tiny things, and the tiny things were never wrong.

In the corner of the GeometryForge academy workshop, Scout kept a shoebox, and inside the shoebox was the kingdom's
great stone bridge — every arch, every pillar, every railing — shrunk down small enough to sit on a palm. Beside the
shoebox stood a brass dial that Scout called the scaling wheel. Turn it one way and a shape grew; turn it the other and it
shrank. But however far it grew or shrank, Scout watched the corners like a hawk, and the corners never moved.

Scout was young, quick, and a little ink-stained, with a carpenter's pencil behind one ear — more apprentice than master,
and proud of it.

A tall stork named Quill peered into the shoebox. "That's the great bridge," Quill said, surprised. "But it's wrong. It's far too
small."

Scout grinned and set the brass dial spinning. The little bridge swelled until it was the size of a real archway, then shrank
back into the shoebox. "It's not wrong," Scout said. "It's scaled. Same shape, smaller size. Watch the angles — every corner
of my little bridge matches the real one exactly. Only the lengths changed, and they all changed by the very same amount.
Let me show you how | know it's a true copy and not a fib."



Before the academy, Scout was apprenticed to an old model-maker in a harbour town called Thimble, where the whole
trade was making small.

Scout's first real job was a model of Thimble's famous lighthouse for the harbour museum. Scout measured the real
lighthouse, divided every length by twelve, and built a little lighthouse exactly one-twelfth as tall. But when it was finished,
Scout stared at it with a sinking feeling: /t's so small. The real one is enormous and mine fits in a basket. It can't really be the
lighthouse. It's a fake.

The old model-maker, a walrus with spectacles and endless patience, picked up the little lighthouse and held it next to a
drawing of the real one.

"You think small means false," he said. "Let's check. Is the doorway the same shape — same corners?"

Scout looked. "Yes."

"Is every part exactly one-twelfth of the real part? The height, the width, the windows, all shrunk by the same twelve?"
Scout had measured it a hundred times. "Yes. All of them. The same twelve."

"Then it is not a fake," the walrus said gently. "It is similar. Same shape. Same angles. Every length shrunk by the same scale
factor. A true model isn't a lie about a big thing — it's the big thing's exact shape, made a size you can hold." He set the
little lighthouse down. "Small is not the same as wrong."

Scout felt the sinking feeling lift, and something steady and proud settle in its place. The model wasn't less than the
lighthouse. It was the lighthouse — its shape, kept perfectly, at a size that fit in two hands.



Years later, Scout brought the shoebox bridge to the GeometryForge academy and set it before the academy master, an
ancient owl who had tested every teacher in the kingdom.

The owl chalked two triangles on the board: a small one, and a large one beside it. The large one was the small one, every
side tripled.

"Are these the same shape?" the owl asked.

Scout did not guess. Scout checked the three corners of the small triangle against the three corners of the large one —
each angle matched its partner exactly. Then Scout measured: every side of the big triangle was precisely three times its
matching small side. "Same shape," Scout said. "Scaled by three. They're similar — the angles are identical, and every
length grew by the very same factor."

The owl had taught geometry for sixty years and had watched many students confuse bigger with different. He had rarely
seen one check the corners first. "Start teaching this autumn," he said. And once Scout had fully become the thing he
taught, he took the name Scout Scale.



In the workshop, a frustrated young hedgehog named Dell shoved two paper triangles across the bench, one small and
one large.

"My teacher says these are the same shape," Dell huffed, "but one's tiny and one's huge. How can they be the same?
They're nothing alike!"

"Let's measure instead of squinting," Scout said. "Two checks, that's all. First: do the corners match?" Scout laid corner A of
the small triangle against corner A of the large one, then B against B, then C against C. "All three angles, exactly equal.
Good. Second: did every length grow by the same amount?" Scout measured. The big sides were each exactly twice the
small sides — every one, doubled. "Scale factor of two. Same shape, twice the size. They're similar."

Dell frowned. "So 'similar’ means same shape but maybe a different size?"

"Exactly," Scout said. "And here's the neat part. When the scale factor is one — when nothing grows or shrinks at all — the
two shapes aren't just similar, they're the very same size too. That's congruent, which is my friend Madame Motion's
specialty. Congruent shapes are just similar shapes that happen to have a scale factor of one. Same shape always; same
size only sometimes."

Dell turned the two triangles over, one in each hand. "So the big one isn't a different shape. It's the little one, grown up."

"That's it exactly," Scout said, delighted.



When evening came and the workshop lamps burned low, Scout set the brass dial back to one, so the shoebox bridge
settled to its proper tiny size, and tucked it safely away.

Scout thought, the way Scout often did, about the little lighthouse in Thimble — how small it was, and how it had taken a
kind old walrus to show that small had never meant false.

Quill the stork, still by the bench, asked the last question of the day. "Scout? How will | ever know if two shapes are truly the
same shape, even when one's much bigger?"

Scout pointed at the corners of the shoebox bridge. "Two checks," Scout said. "Are all the matching corners equal? And did
every length grow or shrink by the very same amount? If yes to both, they're the same shape — similar — however big or
small they happen to be."

Quill nodded, looking at the tiny bridge that was, in every corner, the great bridge exactly.

And as the stork walked home beneath the real arches of the real bridge, Scout's words settled in somewhere quiet and
warm — that being small, or being the smallest one in the room, had never once made a thing any less truly, completely
itself.



Lady Lattice

THE COORDINATE PLANE — every point has an exact address written as two numbers, how far across and how far up. With those
addresses you can plot any point, measure the distance between two points, and find the midpoint exactly halfway between them.
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Lady Lattice never got lost, and she could not bear to watch anyone else be lost either.

Her room at the GeometryForge academy had a floor painted into a perfect grid, lines running across and lines running up,
and a small brass marker she could set down on any crossing. "Give me two numbers," she liked to say, "and | will put my
marker on the exact spot you mean, every single time." She was an elegant grey crane with a long, careful neck, and when
she lowered the marker onto a crossing she did it the way you'd set down something precious.

A small mole named Burr stood in the doorway, twisting his paws. "l lost my marble," he said miserably. "It rolled off the
table. It's over there somewhere, near the — near the thing, by the other thing."

Lady Lattice tilted her head kindly. "'Over there near the thing' is how marbles stay lost," she said. "Everything has an
address, Burr. Two numbers — how far across, and how far up. Tell me those, and a thing is never lost again. Let me show
you why | trust that so completely."



Lady Lattice grew up in a town called Crosshaven, where the streets ran in a perfect grid — numbered streets going across,
numbered avenues going up — and every door in town had an address made of two numbers.

She knew her own house by heart: three streets across, four avenues up. She could walk home blindfolded.

But once, when she was small, her family visited a different town — an old, tangled place where the streets curled and
looped and doubled back, and nothing was numbered. She let go of her mother's hand for one moment in the market,
turned around, and the whole world was suddenly a maze with no addresses. She had never been so frightened. Every
street looked like every other street. There was no across and no up. There was only lost.

Her grandmother, a patient old crane, found her at last and carried her home to Crosshaven. That night, on their own front
step, her grandmother knelt down.

"You were frightened because that town had no addresses," she said. "Here, you can never truly be lost. Pick any corner in
Crosshaven. Count how many streets across it is, and how many avenues up. Those two numbers are its address, and an
address is a promise — it says this spot can always be found again."

Lady Lattice looked down their own gridded street, every corner quietly holding its two numbers, and the frightened, maze-
lost feeling drained out of her. As long as a place had an address, it could be found. She was never going to be lost again.



Years later, she came to the GeometryForge academy and stood before the academy master, an ancient owl who had
tested every teacher in the kingdom.

He drew a grid on the board and marked two points on it, one he labelled A and one he labelled B.

"Tell me about these two points," he said.

Lady Lattice did not hesitate. "Point A's address is how far across and how far up it sits — two numbers. Point B has its own
two numbers. And from those addresses alone," she went on, "l can tell you the distance between them — how far across
plus how far up you'd travel from one to the other — and | can find the midpoint, the spot exactly halfway, just by landing
on the address that's halfway across and halfway up." She set the owl's chalk on that middle crossing.

The owl had taught geometry for sixty years. He had watched many students plot a point. He had rarely watched one treat
an address as a promise. "Start teaching this autumn," he said. And once she had fully become the thing she taught, she
took the name Lady Lattice.
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In her gridded room, a flustered young otter named Wade was nearly in knots over two dots on a worksheet.

"I'm supposed to say where these points are and how far apart they are," Wade groaned, "but | don't even know how to
start. They're just... dots."

"They're not just dots — they have addresses," Lady Lattice said calmly. "Watch. For the first dot, | count across from the
corner: that's the first number. Then | count up: that's the second number. Now it has an address — two numbers — and it
can never be lost." She did the same for the second dot. "There. Both have addresses now."

"Okay," Wade said slowly. "But how far apart are they?"

"Count the journey between the addresses. How many steps across from one to the other? How many steps up? That tells
you how far you'd travel." She traced it with a claw. "And the midpoint — the exact middle — is the address that's halfway
across and halfway up. You can find it by taking the halfway point of each number. The middle of the two 'across' numbers,
and the middle of the two 'up' numbers."

Wade blinked. "So once they have addresses, | can find everything — where they are, how far apart, the exact middle?"

"Everything," said Lady Lattice. "That's the gift of an address. A point with an address is never lost, never vague, and never
out of reach."

Wade looked at the two dots, no longer just dots, and let out a long breath. "They were findable the whole time. | just had
to give them their numbers."



When evening came and the academy went quiet, Lady Lattice lifted her brass marker from the floor and set it gently on its
shelf, on the one crossing where it always lived.

She thought, the way she often did, about that tangled town with no addresses, and the cold maze-feeling of being small
and lost — and about her grandmother kneeling on the step, teaching her that a grid is a promise.

Burr the mole, still in the doorway, asked the last question of the day. "Lady Lattice? How do | make sure | never lose my
marble — or anything — again?"

Lady Lattice lowered her marker onto a crossing. "Give it an address," she said. "Two numbers — how far across, how far
up. Once a thing has its address, you can always find it again, always measure the way to it, always find the exact middle
between it and you."

Burr looked at the marker, resting on its precise and findable spot, and nodded.

And as the little mole headed home across the quiet, gridded kingdom, he found he wasn't thinking about his lost marble
at all anymore — he was thinking how good it felt to know that nothing with an address is ever truly gone, and that there is
always, always a way back.



Master Hypotenuse and Apprentice Sides

SPECIAL-CASE-VS-GENERAL — Master Hypotenuse (a? + b? = c? for right triangles) + Apprentice Sides (Heron's formula for ANY
triangle) — when one tool is enough, when you need the more general tool

The chapel roof had cracked at the western gable, and the masons needed measurements before they could carve the
replacement stones. Master Hypotenuse arrived first, with a square and a plumb line. Apprentice Sides arrived second,
with a tape measure and a wax-tablet.

The Master Mason met them at the base of the gable. He pointed up.

"Three triangle stones at the apex," he said. "Two are right triangles. One is not. | need the AREAS of all three so | can quote
the price of the limestone. Can you measure them and give me the areas?"

Master Hypotenuse looked up at the gable. "l can do the two right triangles."
Apprentice Sides looked up at the gable. "I can do all three."

Master Hypotenuse glanced sideways at her, mildly insulted. "I can do all three too."
"Maybe. But you'll need a ladder to reach the angle of the third one. | won't."

The Master Mason raised an eyebrow. "Show me."



Master Hypotenuse went first. He set up his square and plumb line at the base of the first right-triangle stone. He
measured the two legs of the right angle.

"This one is a right triangle," he said. "The legs are five hands wide and twelve hands tall. The hypotenuse — the side
opposite the right angle — is the diagonal across the top. By the Pythagorean theorem, five squared plus twelve squared
equals the hypotenuse squared. Twenty-five plus one hundred and forty-four is one hundred and sixty-nine. The square
root of one hundred and sixty-nine is thirteen. So the hypotenuse is thirteen hands."

He wrote it down. Right triangle 1: legs 5 and 12, hypotenuse 13.

"And the area," he said. "For a right triangle, the area is one-half times leg times leg. One-half times five times twelve is
thirty. So the area is thirty square hands."

He moved to the second right triangle. He measured its legs.

"Eight and fifteen. Eight squared is sixty-four. Fifteen squared is two hundred twenty-five. Sum is two hundred eighty-nine.
Square root is seventeen. So the hypotenuse is seventeen, and the area is one-half times eight times fifteen, which is sixty.

He wrote it down. Right triangle 2: legs 8 and 15, hypotenuse 17. Area 60.

He came down to the ground. "Two right triangles, areas 30 and 60. The third one is the trouble. Its angles aren't ninety. |
can climb up and measure the angle and then drop a perpendicular from the apex — but that means a ladder and a plumb
line and probably an hour."

Apprentice Sides looked at him. "You don't need any of that."

Apprentice Sides climbed nimbly up to the gable's edge. She did not measure any angles. She did not drop any
perpendiculars. She just measured the three SIDES of the third triangle with her tape measure.



"Side one: nine hands. Side two: ten hands. Side three: eleven hands."

She came back down. She wrote the three numbers on her wax-tablet.

"For any triangle whose three sides are a, b, ¢ — even a non-right triangle — there is a formula for the area in terms of just
the three sides. It's called Heron's formula. First you compute the semi-perimeter, which is half the sum of the three sides."

Shewrote:s=(a+b+¢)/2=(9+10+11)/2=30/2=15.
"Then the area is the square root of s times s-minus-a times s-minus-b times s-minus-c."
She wrote: Area = /(15 x (15-9) x (15-10) x (15-11)) = J(15 x 6 x 5 x 4) = J(1800).

The square root of one thousand eight hundred was a little messy. She did the arithmetic carefully on the wax-tablet. About
forty-two-and-a-half square hands.

She handed the wax-tablet to the Master Mason. "Area of the third triangle is about forty-two-point-four square hands. No
ladder. No plumb line."

The Master Mason stared at the wax-tablet for a long moment.

"You just got an area from three side-lengths."



"YeS."

"Without any angle measurement."
"Yes."
He looked at Master Hypotenuse. "Do you know Heron's formula?"

"l know it exists," Master Hypotenuse said, slightly grudging. "I have always taught the right-triangle case because it's
simpler. The Pythagorean theorem is one of the first things kids learn. Heron's formula is heavier; it has a square root
nested inside a product, and most of the arithmetic gets messy."

"Right," Apprentice Sides said. "Yours is the cleaner tool for the easy case. Mine is the messier tool for any case."

The Master Mason wrote down the three areas. "Thirty. Sixty. Forty-two-point-four. | have everything | need."
He paused.
"There's a lesson in this for the apprentices," he said. "Which one of you tells it?"

Master Hypotenuse and Apprentice Sides looked at each other.
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"You go," Master Hypotenuse said.

Apprentice Sides nodded. "When the triangle has a right angle, his tool is fastest. The arithmetic is light. You don't need a
tape measure and a wax-tablet and a semi-perimeter formula. You just need two leg-lengths and the Pythagorean
theorem."

"And when the triangle doesn't have a right angle..."

"You need mine. Heron's formula handles ANY triangle. The cost is the heavier arithmetic. The benefit is you don't need
any angles at all. Just side-lengths."

"So the rule is," Master Hypotenuse said slowly, "use the simpler tool when the special-case condition holds. Use the
general tool when it doesn't."

"Use the simpler tool first," Apprentice Sides said. "Switch to the general tool when the special case fails."
"Same idea told twice."
"Same idea told twice."

The Master Mason wrote both rules on the chalk wall of the workshop. The masons read them later. The chapel roof was
repaired by the end of the week.

Walking back down the hill together, Master Hypotenuse felt something loosen in his chest — a small, warm relief at being
reminded, even at his age, that there is more than one good way to be right. Apprentice Sides felt it too, a quiet gladness,
the kind you get when someone older finally sees the thing you've been carrying all along. Neither said so out loud. They
didn't need to.



Madame Motion and Scout Scale

CONGRUENT VERSUS SIMILAR — two shapes are congruent if you can slide, turn, or flip one exactly onto the other (same size); they
are similar if you also need to resize it by a scale factor (same shape, different size). Congruent is the special case of similar where

the scale factor is one.

Two triangles sat on the academy table, and a young fox named Quen could not stop staring at them.
"Are these two triangles the same?" Quen finally asked the room.
Two teachers answered at once, and they did not agree.

"Yes," said Madame Motion, the tall, calm heron who carried shapes from place to place. "I'm fairly sure | can carry one
straight onto the other."

"Maybe," said Scout Scale, the quick young model-maker with the brass scaling dial. "It depends what you mean by same."

Quen looked between them. "There's more than one kind of same?"



Madame Motion went first, because her question was the simpler one.

"My kind of same is called congruent," she said, lifting one of the triangles. "It means: can | carry this one exactly onto the
other one — same size and all — using only my three moves? A slide, a turn, a flip. No resizing. Nothing stretched, nothing
shrunk." She slid the triangle across the table, gave it a quarter-turn, and laid it down on its twin.

It fit. Corner A onto corner A, side B onto side B, every edge matched. Not a sliver stuck out.

"Congruent," Motion announced, satisfied. "Exactly the same size and the same shape. | carried one onto the other without
changing it one bit. When my three moves are enough — when | never have to resize — the shapes are congruent.”

Quen nodded slowly. "So these two ARE the same."



Scout Scale stepped up and put a third triangle on the table — much bigger than the other two, but the very same shape.

"Now try Motion's test on this one," Scout said. "Go on, Madame Motion. Slide it, turn it, flip it onto the little triangle."

Motion tried. She slid and turned and flipped the big triangle every way she knew — and it never fit. It always hung over the
edges. "l can't," she admitted. "It's too big. My three moves can't shrink it. So by my test, it's not the same."

"Right — not congruent," Scout agreed, spinning the brass dial. "Because congruent needs same size, and these are
different sizes. But watch what happens when I'm allowed to resize." Scout dialed the big triangle down, every length
shrinking by the same factor, until it dropped to the exact size of the small one — and then it slid right on top. "Same shape
the whole way down. Every angle stayed equal; every side shrank by the same amount. That's my kind of same. It's called
similar. Same shape, but the size is allowed to change."

Quen's eyes went wide. "So the big one and the little one are similar, but not congruent."
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And then the two teachers looked at each other, and Scout said the thing that tied it all together.

"Here's the secret Motion and | share," Scout told Quen. "Congruent and similar aren't really two separate ideas. Congruent
is just my similar, with the dial set to one." Scout held up the brass dial. "When | resize a shape and the scale factor turns out

to be exactly one — no growing, no shrinking — then 'similar' and 'congruent' are the same thing. Same shape and same
size."

"So congruent is a special kind of similar," Quen said slowly. "The special case where nothing has to change size at all."

Later, when the academy had emptied and the lamps burned low, Madame Motion stacked the triangles into a neat pile
and Scout Scale clicked the brass dial back to one.




Quen lingered by the door. "I'm never going to hear the word same the same way again," the young fox said. "There's
same-size-same-shape. And there's same-shape-any-size. And one's just hiding inside the other."

"Two meanings, one idea," Scout said.

Madame Motion rested a wing on the little pile of triangles. "For the longest time | thought Scout and | taught opposite
things," she said quietly. "It turns out we were teaching two halves of the same truth, and neither of us could see the whole
of it alone. | had the special case. Scout had the big picture. We needed each other to make it whole."



Axia and Theora (twin sisters)

e prompt: "Axia and Theora each loved a different part of the game — one loved making the rules, the other loved
building from them. Which part feels more like you: naming what you already know for sure, or figuring out what
comes next? How does that feel?"

o prompt: "The sisters agree on a few small things and build everything else from them. Have you ever felt
calmer once you knew the few things you could really count on?"

o prompt: "When have you felt that quiet, sure feeling of an idea finally clicking into place, one careful step ata
time?"

Axia and Theora are twin sisters.

This twin thing was actually a big deal. It was key to the special math they taught. They were like two sides of the same
coin. They showed a way to think about math that always made sense. This way had two parts. One part was what you said
was true (these were called axioms). The other part was what you figured out from those true statements (these were called
theorems). You needed both parts. One without the other was not complete. The sisters knew this. They had known it
since they were six years old.

They grew up in the town of Postulate.

Postulate was a small town. It still is. It sat in the kingdom's eastern hills. The town's main business was thinking about
logic. There was a school just for thinkers. There was a club for thinkers, too. In the town square, a statue stood tall. It
showed an old thinker holding a stone tablet. The tablet said, "Begin with the rules. Continue with the consequences."

Axia and Theora's mother was a thinker. Her name was Pellia. She was super patient. Even for Postulate, she was patient.
She never rushed kids. She let them figure things out slowly. Pellia believed something important. She said it often. Every
kid already knew the difference. They knew what was a guess. They knew what was really true. Grown-ups just had to help
them remember it.

Pellia had a clever way. She helped her daughters remember this truth.



She made a game.

She played the game with her twin daughters every night at dinner. They played it from when they were six. They played
until they were twenty-one. The game went like this:

One sister would start. They took turns each night. She would state something simple. Something true. Something
everyone knew was true. It didn't need proof.

"A straight line can be drawn between any two points."
Then the other sister would build new, longer ideas from that first rule.

"So, if two straight lines meet at a point, they make an angle. And if two straight lines meet at the same point twice, they are the
same line. That means the line between any two points is unique."

The first sister would then add a second rule.
"All right angles are equal.”
And the second sister would build even more ideas.

"So, the angle between the floor and the wall in this room is the same. It's the same as that angle in any other room. That means a
right angle is a right angle anywhere.”



The game continued. Every night. For fifteen years.

Axia preferred stating the rules. Even as a small child, she was fast and sure. She liked making a rule. Everyone in the room
just had to agree with it. She liked how one short sentence could be impossible to argue with.

Theora preferred building the ideas. Even as a small child, she was patient and careful. She liked taking a small rule. She
liked finding the long sentences that followed from it. She liked how a long path of ideas could still lead to one sure
answer.

By the time they were ten, Pellia had stopped calling the sisters "staters" and "builders." Instead, she called them Axia. That
was a word in their family's old language. It meant the starting rule. She called the other Theora. That word meant the path
you build. The names stuck. Their birth names were Mara and Lina. Those names got forgotten over time. Even Pellia
eventually called them Axia and Theora.

When the sisters were nineteen, Pellia took them to the GeometryForge academy. She spoke to the academy master. "My
daughters have played the rule-and-build game for thirteen years," she said. "l think they are ready to teach it."

The academy master had heard good things about Pellia. He asked the sisters one question. He said: "What is the difference
between an axiom and a theorem?"

Axia answered first. She said: "An axiom is what we agree on. A theorem is what follows."

Theora added: "An axiom is a starting place. A theorem is a path. It goes from one starting place to an end point. The two go
together. Without axioms, you cannot build theorems. Without theorems, the starting rules don't go anywhere."

The academy master had been a teacher for forty years. He had heard many answers to this question. He nodded. He said:
"Start teaching this fall."



That was twelve years ago. Axia and Theora have been teaching ever since. They almost always teach together. They sit at
the same long desk. Axia sits on the left. She wears her white peplos. It has a gold key-pattern border. Theora sits on the
right. She wears her ink-blue peplos. It is the same style. They each carry a symbol of their job. Axia has a stone tablet. It
has five carved axiom symbols. The parallel postulate is the biggest one. Theora has a long scroll. It is already partly
unrolled. It shows a proof that wasn't quite done.

When children arrive for the first time, the sisters begin the same way. They sit down. They look at the children. Axia says,
in her firm, short voice:

"We agree: two points make a line."

Theora picks it up:

"Therefore, if two different lines share two points, they are the same line."
Axia continues:

"We agree: all right angles are equal.”

Theora continues:

"Therefore, an angle that is one right angle anywhere is one right angle everywhere. So, a perfectly straight corner is always a
perfectly straight corner.”

Axia continues:

"We agree: through a point not on a given line, exactly one parallel line can be drawn."



Theora's voice gets a small bit more excited:

"Therefore — and these are big ideas that people had figured out. Ideas from thousands of years of math — the angles inside any
triangle add up to 180 degrees. Therefore, when a line cuts across two parallel lines, the angles inside match up. They are equal.
Therefore — "

Axia cuts her off, gently: "That is enough for one introduction.”
Theora laughs. The children laugh. The sisters look at each other.
Axia says, to the children: "This is geometry. We agree on a small number of things. We figure out everything else.”

Theora adds: "You will spend the next sixteen kits doing exactly this. We agree. We build. We agree on a new thing. We build more.
The whole system works."

Children always have one question. It's always the same question on the first day. They ask: "How do we know which things
to agree on?"

Axia and Theora look at each other. They smile. They have answered this question for twelve years. They have decided that
this is the best question children ask.

Axia says: "You agree on what no one can argue with. The fewer things you agree on, the stronger the math. We agree on five
things. Everything else follows."

Theora adds, more softly: "It is not magic. It is patience. The agreements are small. The results are huge."



About Spark & Anvil

Spark & Anvil is a 501(c)(3) public charity. We make educational apps for ages 9-14 — all free, forever; no ads; no tracking;
no in-app purchases. GeometryForge is one of 140+ apps in the portfolio.

More chapter books from Spark & Anvil

Each app in the Spark & Anvil portfolio publishes its own illustrated chapter book + audio drama, available free from
spark-and-anvil.com/books. Highlights include:

e GambitTales — chess tactics through Sir Pinwell, Lady Skewer, Queen Vesper, and the Twin Knights of Fork Hill
¢ ProofQuest — formal proof techniques through Direct-Proof Dora and the Lemma Library

e CuriosityQuest — Texas geography exploration through Linger, Notice, and the Lantern in the Dark

e QuillSpell — spelling craft through the Word Wizard cast

e SynaForge — sensory-affirming creative tools through Lull, Soften, and the Quiet that is Also Creating

Methodology

Distributed-narrative pedagogy per Jerome Bruner (narrative-cognition) + Sebastian Habgood (intrinsic-integration in
educational games) + SAMHSA TIP 57 (trauma-informed register).

Trauma-informed-design framework per Eggleston et al. (2025) and Stoltenburg et al. (2024).

License

© 2026 Spark & Anvil (501(c)(3) public charity). Chapter text and illustrations licensed under CC BY-NC-SA 4.0. App software
© Spark & Anvil — all rights reserved. Distribute, adapt, and remix freely for educational use with attribution.

Cover art, chapter illustrations, and chapter text are reviewed for age-appropriate, trauma-aware content before
publication. Audio drama transcripts available at spark-and-anvil.com/cast.
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